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SUMMARY
,
Analyticalexpressionsarederivedfortheflapping,thethrust,
thetorque,and.theprofile-dragpowerofa hingedrotorthatare
applicabletohigh-speedhelicoptersandto certaintypesof convertible
aircraft.Thedevelopmentd ffersfromthatusedinthestandardrotor
theoryinthatno limitationisplacedonthemagnitudeoftheblade-
sectioninflowanglesanddiffersalsointheixeaijmetiofthereversed-
velocityregion.Theequationsmaybe usedto calculatetheperformance
ofa liftingrotorat anyangleofattackeither.directlyor,prefer-
ably,fromchsrts. .
INI’RODTETION
Presentrotortheory(references1 to 37 forexample)hasproved
tobe entirelyadequateforpredictingthepresent-dayperformanceof
autogirosandhelicopters.Withtheenvisioneddoublingofthetop
speedofpresent-dayhelicopters,however,andwiththeadventofcon-
vertibleaircraf’t,a reviewoftheassumptionsonwhichthestandard
rotortheoryisbasedwasconsidereddesirableinorderto determine
theefientowhichthetheorycouldbe appliedtotheseimprovedcon-
figurations.A reviewofthetheoryrevealedthatthepremisethat
rotor-blade-sectioninflow.qngles@ aresmallenoughto allowthe
usualsmall-angleassum@ionsthat cos@ isequalto unityand sin@
isequalto @ wouldnotapplytotheinflowanglesgeneratedatthe
rotorsofhigh-speed,high-~rformancehelico~ersorto certaintypes
ofconvertibleaircraftwithrotorswhichoperatethrougha 900range
ofangleofattack.Also,forhelicoptersoperatingattip-speedratios
closeto O.~,thehighinflowangles(~d sectionanglesofattack)
usuallyassoc,iatedwithhigh-speedflight,togetherwiththerelatively
largeareaaffected;makethecontributionfthereversed-velocity
regionmuchmoresignificantthanit isatthenormallylowvaluesof
o
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tip-speedratio.Consequently,an investigationwasmadeto removethe
small-angleandreversed-velocitylimitationsfromthep’resentrotor
theory.Justas inthepresentheory,however,noattemptwasmadein
thisinvestigationto accountforbladestallinthatpartoftherotor
diskoutsideofthereversed-velocityregionorforcompressibility
effectsonthebladesections.Theresultsoftheinvestigationare
reportedherein.
A somewhatstiilarinvestigationwasmadeattheGeorgiaInstitute
ofTechnolo~underthesponsorshipandwiththefinancialassistance
oftheNACA(reference4). Bothoftheinvestigationsmadeuseofthe
idea,firstadvancedinreference4,thatgreatsimplificationscould
be effectedintheequationsforrotorcharacteristicsby representing
theangleofattackofa bladesectionbyitssine. (Thisideais
e~lainedmorefullyinthesectionentitled!’BasisofAnalysis.”)The
investigationsdiffer,however,in_ basicrespects,someofmajor
andothersofminorsignificance.Themostimportantdifferencesare
as follows:Theanalysisreportedhereinisbasedonthesamereference
systemofaxes(thatis,theaxisofno feathering)aswasusedin
previousNACAworksonrotating-wing-aircrafitheory(seereferences1
and2);whereastheanalysisofreference4 isbasedona systemwiththe
axisperpendiculartotherotortip-pathplane.Thepresentanalysis
alsomakesuseofthe“energ#methodofcalculatingrotorlosses,a
methodthatreadilylendsitselftotheconstructionf simplified
performanceharts,suchasthosepublishedinreference3. Theanalysis
ofreference4 usesa “balanceofforce”methodforcalculatingrotor
lossesthatentailsthecalculationfthelongitudinalcomponetiof
forceinthetip-pathplane(thatis,theso-called“H”force).Thetwo
investigationsalsodiffersignificmtlyinthemannerinwhichthe
reversed-veloci@regionishandled.It isexpectedthattheanalysis
presentedinthisyaperwillbemostapplicableto aircrafthaving
rotorswithflappingblades,whereasananalysisbasedontip-path-plane
axesmightbe appliedmoreconvenientlyto rigid-rotoraircraft.
SYMBOIS
PhysicalQuantities
b
R
r
x
numberofbladesperrotor
bladeradiusmeasuredfromcenterofrotation,feet
radialdistancetobladeelement,feet -
ratioofblade-elementradiusto rotor-bladeradius(r/R)
.
.
—
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l
c blade-sectionchord,feet
()
r
cr2dr
Ce equivalentbladechord(onthrustbasis),feet o
T
R
r2dr
o
a rotorsolidity(bee/nR)
6 blade-sectionpitchangle;anglebetweenlineof zeroliftof
bladesectionandplaneperpendicularto axisofno
feathering,radians
‘o bladepitchangleathub,radians
‘% differenceb tweenhub
tipangleislarger,
11 massmomentof inertia
persquarefoot
.
7 masscomtantofrotor
andtippitchangles;positivewhen
radians
ofa bladeaboti
to massforces(CP45’; ‘Vresses
flappinghinge,slugs
,. P massdensityofa-, slugspercubicfoot
ratioofairforces
v
f-l
a
trueairspeed
second
rotorangular
v
P
3
Air-FlowParameters
ofhelicopteralongflightpath,feetper
velocity,radianspersecond
rotorangleofattack;anglebetweenaxisofnofeathering
(thatis,axisaboutwhichthereisno cyclic-pitchange)
andplaneperpendicularto flightpath,positivewhenaxis
ispointingrearward,degrees
inducedinflowvelocit>atrotor(alwayspositive),feetper
second
tip-speedratio
()
V cosa
fiR
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—-. ... . —.
4 NACJITN2665
inflowratio
( )
Vsin a-v
m
bladeazimuthanglemeasuredfromdownwindpositionin
directionofrotation,radians
componentatbladeelementofresultartvelocityperpendicular
toblade-spanaxisandto axisofno feathering,feetper
second
nondimensionalcomponetiofresfitantvelocityatblade
element(%1~) \
componentatbladeelemetiofresultantvelocityperpendicular “
bothtoblade-spantis and ~, feetpersecond
nondimensionalcomponetiofresultamtvelocityatblade
element(%pR)
result- velocityperpendiculartoblade-spanaxisatblade
elemeti,feetpersecond
nondimensionalresultantvelocityatbladeelememt(U/OR,) 1
inflowangleatbladeelementinplaneperpendiculartoblade-
spanaxis,radians
()
tm-~ U_p’
%’
blade-elementangleofattack,measuredfromlineof zerolift,
radians(e+@)
AerodynamicCharacteristics
sec~ionliftcoefficient (
averagesectionliftcoefficientinreversed-velocity
sectionprofile-dragcoefficient
region
averagesectionprofile-dragcoefficietiinreversed-velocity
region
—
—- —
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5
50)51)52 c0efff_cient8~ powerEeriei3e~ress~ cd. af3a ~ction
.( )
,
of ~ ‘d.= so+ 51A + 62a.#
a slopeofcurveof sectionliftcoefficientagainstsection
angleofattack(radianmeasure)
,
Clyc2Jc3~C
-d Klj~s
}
coefficietisforuseinprofile-dragtorqueandpower
expressions
K3, . . . \
. .
J
L lift,pounds
T rotorthrust,pounds
Q’ rotor-shafttorque,pound-feet
P. rotor-shaftprofile-dragpower,pound-feetpersecond
CT thrustcoefficient
CQ rotor-shafttorque
()TITR2P(QR)2
‘ ‘(m2,:R)~) -coefficient
Cp
.0 ()P.rotor-shaftpr?file-dragpowercoefficientYTR2P(OR)3
$
a.
B tip-lossfactor;bladeelementsoutboardofradiusEl?
areassunedto haveprofiledragbutno lift
Rotor-BladeMotion
bladeflappingangleatparticularazimuthpositionmeasured
fromplaneperpendicularto axisofno feathering,radians
/
constanterminFourierseriesthatexpressesf3 (radians);
hence,therotortotingsingle
coefficientof cosnv inFourierseriesthatexpressesj3
coefficientof sinn$ inFourierseriesthatexpresses~
%
bn
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.
Stiscri@s:
i induced
—
o
.
profile
f “forward-velocity”region
r reversed-velocityregion(exceptin ~)
2 componetidueto liftvector
d componentdueto dragvector
.7% at 0.75radius
std standsrdtheory
ext extendedtheory
BASISOFANALYSIS
/
Althoi@thegeneraldevelopmentofthethrust,torque,andblade-
flappingequationsthatisgiveninthefollowingsectionissimilarto
thatforthestandardtheorypresentedinreferences1 and2,theomis-
sionofthesmall-angleassumptionsintheequationsofthispaperand
theconsiderateionofhighertip-speedratiosresuiti-ndifferences
betweenthedevelopmentofthetwo
fromconventionalrotortheoryare
(1)Theelementalthrustata
thrustandthrust-momentequations
setsofequations.These“departures
nowdiscussed.
bladesectionusedinderivingthe
istakenastheprojectionofthe
elementalliftvectorontheaxisofno featheringinsteadofbeing
assumedequal.totheelementallift.Thecomponentoftheproftie-drag
vectorh thethrustdirectionisalsoconsideredin calculatingthe
thrustandthrustmomentinthereversed-velocityregion.(Asa result
ofmanysamplecomputations,itwasconcludedthattheprofile-drag
componentisnegligibleeverywhereexceptinthereversed-velocity
region.) Similarly,exactcomponentsoftheelementalliftanddrag
vectorsareusedinderivingthetorqueequatio~.(See-fig.1.)
(2)Theresult% velocityU isusedinsteadof ~ incomputing
theliftanddragateachelement.(Seefig.1.) Radial(thatis,
spanwise)componentsofvelocitiesme ignoredasusual,althoughsuch
——.—
——. — -.— —
——— -.. .
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velocitycomponentsmaysignificantlyaffecthebladedragat extremely
hightip-speedratios.
(3)Imenflightupto tiy-speedratiosof0.5isconsidered,the
l contributionsofthereuersed-velocityregionbecomea significantly
largepartofthetotalthrust,torque,andpowerproducedby therotor,
inasmuchashighinflowangles(andsectionanglesofattack)are
usuallypresentattheI@@ tipsfiedratiosthatproducetherelatimly
lsrgerewrsed-velocityareas.(Thisstatementisprincipallytruefor
thehelicopterpower-on’flightcondition.Forotherflightconditions,
suchaspartial-powerhelicopterdescentsorautorotativeoperationat
hightip-speedratios,largereversed-velocityareasmayexistwith
smallinflowsingles.)Thecon%ributidnofthereversed-velocityregion
to therotorcharacteristicsscomputedintherotortheoryofrefer-
ences1 and2 by assumingthatthebladesectionsinthatregion>as
wellasthoseintheforward-velocitypartofthedisk,remainunstalled
nomatterhowhightheanglesofattackencounteredinthatregionmay
, be. Becausethestandardrotortheoryisalsobasedontheassumption
thattheresultantvelocityata bladesectioncanberepresentedby
thetangentialcomponentofvelocity~, theassumptionofno stallin
thereversed-velocityregiondoesnotnormallyseriouslyoverestimate
thethrustandacceleratingtorque,inmnnuchastheoverestimationof
theliftcoefficientis somewhatcompensatedforby theunderestimation
ofthedynamicpressureateachbladesection.Theunderestimationof
thedeceleratingtorqueandtheprofile-dragpowerismuchmoresignif-
icant,however,becausetheeffectsofthetwoassumptionssreaddi%ive
inthosecases.WhenthenormalcomponentofvelocityUp isincluded
intheresultantvelocityat eachsection,as isdoneinthispaper,and
whenlargeareasofreversedw“locityandhighsectionanglesofattack
arepresent,theeffectoftheno-stallassumptionresultsinfurther
errorsbecausethethrustandacceleratingtorquecontributionsare
greatlyoverestimated,andthedeceleratingtorquesndprofile-drag
powercontribtiionsto-thetotalthrust,torque,~ pwer are
underestimated.
Theseeffectswereinvestigatedfora samplepracticaloperating
condition(V= 0.4, CT = 0.00362,Go = 240, 191= -l@) bynumerical
step-by-stepcalculations.Theresultshowedthatthethrustproduced
by thereversed-velocityregion,calculatedonthebasisofunstdled
flowandwith Up consideredinthesectionresultaubvelocity,is
about23percentofthatproducedby therestofthedisk,whereasthe
contributionisonly8 percentwhencalculatedonthebasisof stalled
flow.Forthesanesamplecase,theprofile:dragpowercontributionf
thereversed-velocityregionis18percentofthatproducedby therest
ofthediskwhencalculatedby meansoftheno-stallassumption,whereas
thiscontribution,is51percentwhencalculatedwithstallconsidered.
Inadditiontoillustratingtheerrorsthatcouldbe introducedby not
consideringtheeffectsof stall.inthereversed-velocityregionathigh
.
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speeds,thesedatapoint
reversed-velocityregion
In-orderto account
upthefactthatthecontributionsofthe
canbe quitesignificarrt.
forthestalledflowinthereversed-velocity
region@ a relativelysimplemanner,advantageistakenofthefact-
thattheaveragesectionangleofattackinthisregionformosttip-
speedratiosandpower-onflightconditionsisexln?emelyanduniformly
high. (Fortheseconditions,a typicalvalueof sectionangleofattack
is600.) Thesection1~ anddragcoefficientsinthisregionare
thereforeassumedtobe constant.Thetrust,torque,andpowerequations
arethendevelopedby ftistcalculatingthecontributionsofthe
“forward-velocity”region(thatis,theareaoutsidethereversed-
velocityregion)andthenalgebraicallyaddingtothemthecontributions
ofthereversed-velocityregioncomputedonthebasisofconstantlift
anddragcoefficients.
Calculationfrotorcharacteristicsnthereversed-velocity
regionrequirescertainfurtherassumptionsofa semiempirical.nature
eventhoughsuchassunptioqsarenotnecesssryfortheforward-velocity
region.Theapproximationsusedb thereversed-velocityregionare
po~ed oukastheyariseinthedevelopmentoftheanalysisandare
mibsequetilyshowntobe satisfactoryovera widerangeofoperating
cOnditions. \
(4) PrellnaryinvestigatioIIEoftheproblemofcomputingrotor
characteristicswithoutmakhg theusualsmall-angleassumptionsfor e
and @ showedthattheresultingequationsforrotorthrust,torque,
andbladeflappingmotionaretoounwieldyforanalyticsolution.In .
ordertomaketheequatiomamenableto practicalsolution,advantage
istakenofthefactthat,althoughthepitchangleorthesection
inflowanglese~atelymaybe toolargeforthe.small-angleassumptions
to apply,theirsummaynotbe iftherotoristo operatewiththe
significantelementsnothighlystalled.It isthereforepermissible
touse ~ and sin~ interchangeably.(~venat q = 200,the
errordueto thisassum@ionisonlyabout2 percent.) Inpractice
themibstittiionf sin~ for ~ intheexpressionsforthelift
anddragcoefficientofa bladeelementmakesitpossibleto develop
theequationsforrotorforceswithouthepreviouslyadoptedrestric-
tionsof e and @ to smallangles.
Theanalysisgiveninthefollowingsectionisdeveloped,asare I
thosegiveninreferences1 and2,forlinearlytwisted,rectan@dar Ibladeswiththeflappinghingelocatedontherotorcenterandperpen-
diculartotherotor“tisand‘tothebladespan.Allvelocities,forces,
andmomentsarereferredtotheaxisofno feathering.An explanation
ofthissystemofaxes,togetherwithmeansforapplyingtheequations
basedonthissystemto pprefeatheringor combinationflapping-
featherhgsystems,isgiveninreference5.
———
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mat. -
bladeelement
and
JINALYSIS
Fromreference1,thevelocitycomponentsata rotor
maybe expressednondimensionallyas
(+ila,+ab)cos (2)
u=*=(W2+“,2)”2
Also,fromfigure1,
or
or
up= usin@
drag
(3)
(4)
Again,frcmfigure1,therotorthrustat a bladeelementwiththe
componentneglectedisfoundtobe
.—— __
—
—-— ———- .
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dT=dLcos@
where,fromsfmpleblade-elementtheory,
a= c~ 12&.#u c
Ontheassumptionthat
andthatthe lift-CU?YR SIO~ iS COIM3tEUlt,
‘2 (
.asti~=astieo
.
(6)
(7)
(8)
C2 maybe expressedas
+xel +@) (9)
If equation(9)isexpandedby thestandardtrigonometricdentities,
andtheresultcombinedwithequations(4)to (7),then
dT
—=
[
$% (sineo Cos )Xel+ Cose. sinml 1# +&c
(Cos e. Cos Xel- 1sti e. sin x@~uP (lo)
Thetotalthrustproducedoverthe“forward-velocity”region(that
is,thatpartoftherotordiskoverwhichtheflowisnotreversed)by
a rotorof b bladesis
Beforeequation(10)issubstitutedintoequation(U) andthe
indicatedintegrationsareperformed,itwasfounddesirablefirstto
expandcosX31 and sinXOl by thefollowingtermsofthepower
series:
— - ——
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.
(12)
Theseriesexpansionwasusedintheinte~ationinsteadofeactly
integratingthetermscontainingcos Ml and sin @l in orderto
avoida discotiinuousre uitintheintegratedanswerat 01 = O and
to avoidthenecessityofhavingtousea verylargenumberof signif-
icantfiguresinobtaininga numericalvalueofthethrustforsmall
valuesof 131.-
Substitutingequations(l),(2),(10),and(12)intoequation(U.)
andintegratingonthebasisthatthechord c ‘iscoutantgivesan
expressionforthethrustproducedby theforward-velocityregion.The
expressioncanbe madenondimensionalby substitutingintoittheexpres-
sionsfor CT @ u thatarelistedinthesectionentitled“Symbols.”
Whenthesesubstittiionsaremade,thefinalexpressionbecomes,after
stiplifcation,
Thesimplificationsexpressedinequation(13)weremadeby neglecting
alltermsin P ofhigherorderthanthefourthandby omittingall
termsthatcontributedbutnegligiblyto thefinalresult;thelatter
termsbeingdeterminedfromnumericalexamplesrepresentingextreme
flightconditions.Thesesamesimplificationswerealsomadeinthe
finalexpressionfortheflapping,rotortorque,androtorprofile-
dragpowercoefficientswhicharesubsequentlydeveloped.
Thethrustproducedby theliftvectorsinthereversed-velocity
regionTrZ iscalculatedonthebasisthattheliftcoefficietiremains
———
12
constant, so that
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(14)
Inasmuchasexactevaluationofthelastintegralinequation(14)is
notfeasible,anappro-tion ofthe U2 cos@ termby anexpression
thatisreadilyintegratedisnecessary.Thesemiempiricalrelation-
shipsemployedareasfollows:
()%2u2cos@. U@=~up-T
.u,[,kl(l-g)m+$l
Intheprecedingequation,up isreplacedby theexpression
(15)
(16)
whichisbasedontheassumptionthat Up varieslinearlyfroma value
of X atthebladerootto zeroatthebladetip. Thesameexpression
for Up isalsousedinderivingthereversed-velocitycontributions
to therotortorqueandpower.
ismadea positivequantityby
astheexpressionreplacesthe
positive.
Thebracketedexpressioninequation(15)
placingabsoltiebsrsaboutA, inasmuch
resultantvelocityU,whichisalways
Evaluatingequation(14)withtheaidofequation
theanswernondimensionalgivestheexpressionforthe
thrustas
(15) andmaking
reversed-velocity
(17)
It shouldbe notedthat EZ ispositivewhen X ispositive,and
negativewhen X isne~tive,inasmuchasthereversed-velocity
———. — —.. —
..
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thrustactsupwardinnormalpower-offflightanddownwardinpower-on
flight.
Asmentionedinthepreviousection,thecontributionfthe
profiledragtothetotalthrustisnegligibleintheforward-velocity
region.Intheregionofreversedflow,however,theprofile-drag
contribtiionTrd becomesignificsmtbecauseoflargeinflowangles
andhigh
givenby
profile-dragvaluesresultingfromthestalledflowandis
thefollowingexpression:
‘rd
The useofthesame assumptions
Jo
employedforequation(15)yields
( +(%-%) .U2sin@= UpU~ M2R1
(18)
(19)
Substittiingequation(19)into(18),integrating,sndmakingtheresult
nondimensionalgivesthefolJ.owinge~ression
(20)
Thetotalrotorthrustcoefficientcanthenbe obtainedasthesum
ofequations(13),(17),and(20);thus,
Blademotion.- Themotionofa flappingbladecanbe describedby
a Fourierseriesthatexpressestherelationbetweentheflapping
angle f3 andthebladeazimuthangleV. To a degreeofaccuracy
sufficientformostpuposes,the seriescanbe writtenas
e
—
—.
—.—
14 NACATN 2665
P=ao-almBV-blstiV-~ cosW- b#nW (22)
Equationsfordeterminingthefiveunhewncoefficientsinequation(22)
areobtainedby equatingthesumofthebladethrustzcentrifugalforce,
andinertiamomentsabouttheblade-flappinghingeto zero.
.
Thethrustmometiatanyvalueof $ maybewrittenm
12nar+Yr
(23)
1211
wherethenotation
1
isusedto indicatethattheexpressionenters
1-t
intothethrustmomentonlyintheintervalbetween$ = m and v = 2fi.
TheelementalthrustmomentdTr canbe obtainedby simplymultiplying .f
equation(10)by r. Thelastintegralinequation(23),whichrepre-
sentsthemomentscontribtiedby theliftandprofile-dragcomponents
inthereversed-velocityregion,canbe evaluatedby meansofequa- .
tions(15) and(19). (As in eqtition(17),thesignof E~
uponthesi@ of A*)
Evaluatingequation(23)qndfollowingthemethodused
ence1 resuitsintbefollowingfivesimultaneousequations
determiningthefiveflappingcoefficients:
{[ ( )F01253+0.03*P4+.91~B3~+~~2b,#32+0.03!361.IJ~=gcoseoy B-?+$A13.-.-5
isdepender.rt
inrefer-
forusein
‘)-%91+
.
— — ——— — — . —
15
r
<!
.
IL%1B2
‘8 - o.050a#4-
B5 v’
5—+iz
(25)
[
Coseo p ~B2-
.
z
-1
—-
a
(26)
——. — ——
—.
—— . . .
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a2 ‘i {[
sille. - &B%&p4
(
,4 2)+g(&4~ +
-91 Pal~+2b2~
[
p,3 B’b2
coseO~al+~
()
+ 0.026~3 + 0.0150a1W4+ el - $ B3 -
(27)
{[
b2 = ~ cos e. ,2 p,3 ,4 4
6 -w2aoT+Tbl -a2F+J- ~6%?+
,
Acceleratengtorque.- Aswasdoneinreference2,thetorquearising
fromtheinclinationftheliftvectorsrelativeto theplaneperyn-
diculartotheaxisofno featheringiscalledthe“accelerating”torque
inthepresentpaper,eventhoughsuchtorquetendsto acceleratehe
rotoronlyinthecaseofpower-offoperation.
Thedifferentialexpressionfor
maybe writtenas
d% l&c
Z=2 z
theaccelerat~torque(seefig.1)
sinjcrdr (29)
—
——
———...
.
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which,aftersubstitutionfromequations
dQi
—=
& L(*ac sin00+ O1x)UpUT+
Theacceleratingtorqueproducedby
.
Evaluatingequation(31)withthe
and(30),andnondtiensionalizing
followingexprer3sion
17
(4), (5), md (9), becomes
( )1COBe. + 191x UP2r
theforwardvelocity
‘L
(30)
regionis
aidofequations(1),(2),(12),
andsimplifyingtheresultgivesthe
where
/
——. .. —--—— ---—— —. ._ -——— —— — —
.
(32)
(33)
(34)
.—— –—
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C3=%2 + * blz + 2.22+ 2b22 (35) “
Theacceleratingtorqueproducedby thereversed-velocityregionis
Thea~proximationismadethat U%n @ = up% usingthevalueof up
asgivenby equation(16),substittiingintoequation(36),integrat~
andnondimensionalizingtheansweryieldsthefollowingexpressionfor
theacceleratingtorqueinthereversed-velocityregion
(37)
Thetotalacceleratingtorqueisthenthesumofequations(32) .
and(37)
.
(38)
Deceleratingtorque.-Thedeceleratingorprofile-dragtorquepro-
ducedby b bladeelements(seefig.1) is
dQo= bcd $C#COS $
0
where,asinreference2, cd isexpressed
o
r dr (39)
as
2’
=50 + ~1~ + %?%c% ,
.-.
(40)
l
—-
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Whenequation
and(~-),
dQo=
the
(39) b ewandedwitht~ aidofeq~tions(1)~(5)Y(9))
followingexpressionisobtained:
+.{+3[ 1+ 51 Sti(eo+ elx)q2 + COS(80+ elx)upq +
11upu~SiII2(eo+ Olx) cos @ r * (41)
Althoughtheassumptionthat ~ = sin~ wassuccessfulin
eliminatingiermsinvolvingsin$ &d cos@ fromtheintegral
equationsforthrust,thrustmoment,andacceleratingtorque,Cos$
termsstillremaininequation(41).As willbe showninthesucceed~
sectionentitled“Discussion,”a subsequentinvestigationshowedthat
cos@ couldbe assumedequaltounityinequation(41)withsmallerror
inthefinalanswerfor ~ inmostcases,eveninthemostextreme
operatingconditionswhen @ isverylarge.Thevalidityof suchan
assumptionisaidedby thefactthat,inthenormaloperatingangle-of-
— —
attackrange,the bo-
Since .0s~ appears
numeratorofthe 52
other.
Thedecelerating
asrepresentedby the
and 52 termssreofthesameorderofmagnitude.
inthedenominatorfthe 50 termandinthe
term,theeffectsof cos@ tendto canceleach
torquecontributedby theforwardvelocityregion,
nondimensionalcoefficient,is
Substitutingequations(1),(2),(12),~d thenondimensionalformof
equation(11)intoequation(42)andintegratingresultsinthe
()
%followingexpressionfor ~
f:
—-——— —— ---
.. —.——— —.——
K1 = bO+ 51 Sti e. + 52 Si112eo . (45)
?
= 51coseO+ 82 sin2EJo (46)
\
%3=( )-51Sm eo+ 252Cos2eoe~ (47)
4
.
“
.
.
——
—
.,
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$=( - * 51Cose.
)
- 252sin2e~ef
(Klo= ~ 51 SiIIe. )
- $52 cos 200013
( ~ 6 sti260e14Ku=&51COSeO+3 2 )
K2=K7$1 “
K3 = ~K8e1
%3 = 52c082eo
K14= -52sin2eoe1
21
(48)“
(49)
(50)
(5U
(52)
%5= -52COS 20.012
(53)
(55)
(56)
(57)
(58)
(59)
.-—— ... .. ..._
——. . . .
———— .
22
Itshouldbe noted
equationsarefunctions
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2 /j sin 2eoe~3K16=5 2 (60)
= L 5 Cos2eoe14%7 3 2 (61)
58 = - &82 sin 20.915 (62)
thatthe.K const-s definedby thepreceding
onlyofthepitchangle,
sectiondragcharacteritiics.
Thedeceleratingtorquecoefficientforthe
regionis
bladet~st, &d the-
reversed-velocity
(63)
.
.
Ifthevalueof &’cos@ asgivenby equation(15)issubstitutedinto
equation(63),madenontiensional,andthenintegrated,theresul.tis
(%)r=-~do[il.+g)++$g
Theresultantdeceleratingtorquecontributionis
sumofequations(43)and(64):
drag
Cr
Profile-dragpower.-
powercanbe written
(64)
obtainedasthe
(65)
Thedifferentialexpressionfortheprofile-
as
~. = b ~ccdoU3dr (66)
P
.
. ————
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Ewandingequation(66)withtheaidofequatio~(3)j (4)j (5),(9),
and(M), andexpressingtheresultsinnondimensiomlform,gives
r
dCp = :
0
t
‘oh’ + “p%%
“l&’pcosPo+’@+
(%?+.,i)s~~o + ‘9,.]+ b2[* ‘:c0s2@o+‘,x)+
(67)
As inequation(41),itwas
0inequation(67) re~ts in
answer.
Thetotalprofile-drag
regioncanbe writtenas
#
foundthattheomissionofthe co.~ terms
anerrorofbuta fewpercentinthefinal
powercontributedby thefoward-velocity
.
Aftersubstittiion,
sionfor
()
: c,
‘f
integration,andsimplification,thefinalexpres-
becomes:
\’
—.....__ . . ..— ____~
—.— .— _____ .-
.—
.Q
+
.
—
4x
.
.>
,.
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where K1 to K18 areexpressedby equations(45)to (62)and
’19= 50+ 51 SiII eO + Z32c0s2e0
~0 = (b cose. -52 S~ Peo)el
%2 =
’23=
Theprofile-dragpowerforthereversed-velocityregionis
Thevariablepartofthetitegralinequation(76)canbe handledas
follows:
(70)
(71)
(72)
(73)
(74)
(75)
(76)
(77)
Substitutingthevaluefor
equation(77),substitut@
up
the
andnondimensionalizingpermits
regiontobe expressedby
obtainedfromequation(16)into
res~t intoequation(76),integrating,
thepowerlossinthereversed-velocity
(78)
—..———— -—— —.—- .--—z. —
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Thetotalprofile-dragpowercoefficientis
EUmofequations(69)and(78):
:%0=@)f+(%)r
&
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thendeterminedasthe
(79)
DISCUSSION
Checkof simplificationsa dassumptions.- A numberofassumptions
andsimplifications(smongwhicharetheassumptionthatsectionlift
anddragcoefficientsinthereversed-velocityregioncouldbe repre-
sentedby uniformstalledvalues,thesi.mplificationsusedinthe
reversed-velocityregion,andtheneglectof some cos@ termsinthe
profile-dragtorqueandpowerequations) havebeenmadeinderivingthe
rotorequations.
Inorderto determinetheeffeetoftheseapproximateionsonthe
accuracyofthetheoryderivedh thispaper,rotorcharacteristics
fora nunberofdifferentflightconditionswerecalculatedby the
theoretical.equations,andtheanswershavebeencompsredwiththose
obtainedby a step-by-stepinte~ationperformedonatiomaticcomputing
machines. Thestep-by-stepmethodeliminatedallsmall-angleassump-
tionsandtheassumptionthattheresultantvelocityattheblade
elementU (withouttheradialcomponentofflow)couldbe replacedby
thetangentialcomponent~. Themethodalsopermittedsectionstall
inthereversed-velocityregiontobe considered,althoughstallwas
notconsideredby eithermethodintheforward-velocityregion.The
ssmeliftsmddragcurveswereusedby bothmethodsintheforward-
velocityregionandwererepresetiedby
C2= 5.73+
Cdo= 0.0087-
In thereversed-velocityregion,
o.021~ + o.40@’
theanalyticalmethod
E2 = 1.2
~d = 1.10 .}
(80)
assumedthat
(81)
— .—-—
—.
—
—. .—
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whereasthestep-by-stepmethodutilizedtheliftanddrag>urvesshown
infigure2. Thecurvesinfigure2 aresrbitraryandweredevisedto
simulate,inanapproximatemanner,thecharacteristicsofanairfoil
sectionupto highanglesofattack.
Theratiosofvaluesofthrust,acceleratingtorque,decelerating
torque,andpowerobtainedby thetwomethodsareplottedagainsthe
itilowangle@ atthetipoftheadvancingblade(fig.3). Thevalues
ofrotorangleofattack,tip-speedandinflbwratios,andbladepitch
andtwistanglescorrespondingto eachoftheflightconditionsarealso
indicatedinthefigure.Itcanbe seenthatgoodagreementexists
betweenthee~endedtheoryandstep-by-stepmethodsofcomputingrotor
characteristicsthroughouttherangeof imflowanglesinvestigated.
(Thehighestvaluesof inflowanglescoveredcorrespondto operationat
tip-speedratiosof0.5orto operationat largerotoranglesofattack
suchasmightoccurat steepcltibangles.Thetheoryisexpectedtobe
applicablefor~ valueof @ encounteredinhelicopteror convertible-
aticrsftflight.)Itmaythereforebe concludedthattheassumptions
andapproximationsusedinderiringthepresetitheoryarejustifiedby
thesimplificationsftherelationshipstheypermitandby thegood
qyeementoftheresultsofthetheorywiththoseobtainedby anexact
step-by-stepanalysis.
Comparisonb-etweenstandardande&endedtheories.-Essentially,
thedifferenceb tweenthestandardandetiendedtheoriesliesinthe
factthattheetiendedtheoryomitsthesmall-angleassumptionsinthe
forward-andreversed-velocityregionsandtakesstallandtheprofile-
&ragcontributiontothethrustintoaccountinthereversed-velocity
area.Forrelativelylow-speedandcruisinglevelflight,oratmoderate
ratesof cltibanddescent,thetwotheorieshouldgivesubstantially
thesameresults,whereasinhigh-speedflightorat largeanglesof
climbordescentdifferentresultswouldbe expected.Itis ofinterest
to determinetherangeofflightconditionsatwhichthetwotheories
beginto diverge,andalsothe”maximumextentowhichthedifferences
in small-angleandreversed-velocityassumptionsaffectherotor
equations.
A comparisonfthethrustequationashereindevelopedwiththat
givenbythestankrdtheoryh reference1 revealsthat,asidefrom
differencesinthereversed-v@ocityterms,theremovalofthesmall-
angleassumptionresultedinthereplacingof 13by sin8 inthe
. equationandinmodif@.ngallothertermsby cos(3.Fora constant
forwardspeed(or constantv) condition,therefore,thebladepitch
angle e lendsitselforuseasa convenientparameterby whichthe
twotheoriescanbe compared.
Inorderto illustratehecomparisonwitha samplecase,calcula-
tionsby boththeoriesofthrust,acceleratinganddeceleratingtorques,
—— —..-— —— —....——— _ —. —~— ——
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andprofile-dragpowerofa samplerotorhavingbladeswith-8°twist
.
areplottedinfigure4. Theresults,whichme presentedineach
figureintheformofratiosofvaluesascomputedby thetwotheories,
areplottedagainsthethree-quarter-radiusp tchangle.(Theaccel-
eratingtorquecurvesoffigure4 areplottedintheformofabsolute
values,ratherthanratios,becauseintheregionofloworzerotorque
theratioswouldbecomemeaningless.)Themaximumvaluesof 0.7x
shownontheplotswouldbe aboutthemaxhumvaluesthatmightie
expectedinnormalhelicopteroperation.Verymuchlsrgersinglesmight
possiblybemployedintherotorsof certaintypesofconvertibleair-
craftwithrotorswhichsrealsousedaspropellers.In suchcases,
lowvaluesof p maybe combhedwithveryhi
?
valuesof (1.Curves
areshownforthreevsluesoftip-speedratio 0.1,0.3,and0.5)and
fOrtwovaluesof ~T/Ua (().()3and0.01).Thehighervalueof ~T/Ua
representsanupperlimitfromthestandpointofrotorstallatthe
highertip-speedratios,whereasthelowervaluerepresentshevalue
nearwhichmosthigh-speedhelicopterswilltendto operate.
A studyoftheplotsoffigure4 indicatesthatthetwotheories
giveessentiallythesameanswers(within10percent)at lowvalues
of w
‘Ver‘he‘-e ‘f ‘.?% ‘Ues ‘how” lfc-es ‘or‘he10w
valuesof M wereextrapolatedto higher
‘.7% values,significant
differencescouldbe seentooccuratthosepitchvaluesatwhichthe
rotorsofcertaintypesofconvertibleaircrafimightbe expectedto
operate.Athighvaluesof W,thetwotheoriesdifferby verylarge
amounts,thedifferencesvaryingmarkedlywith e. Thustheextended
theorywouldseemtobe moreapplicablethanthestandardtheoryfor
calculatingtheperformanceofrotorsoperatinginthepower-oncondi-
tionatverylargesinglesofattackorattip-speedratiosexceeding
approximately0.25.
Itmightbepointedoutthatthethrustequation(equation(13))
isparticularlysensitivetotheeffectsof f3 inthatsmallerrors
arisingfromthereplacementof sin6’by 19 andcosebyl are
magnifiedintheequationbecausethe sin0 and cose termsareof
approximatelyequalmagnitudes.Forthepower-oncase,thetwosetsof
termsaresubtractedfromoneanother,andtheanswer,beinga small
differenceb tweentwolargenumbers,canbeverymuchinerror.
Selectionofaverageliftanddragcoefficientsinreversed-velocity
region.-b preciouslypointedout,itispossible,inautorotationfor
example,forlargereversed-?mlocityregionsto existinwhichthemean
angleofattackis quitesmallascomparedwiththeldgh,usually
stalled,valuesinthepower-oncondition.Theproperchoiceofthe .
averageliftanddragcoefficientvaluestobe usedincalculatingthe
reversed-v&locityregionwouldthereforedependontheflightcondition.
.
———-——
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Formostlower-onflightcondi.tionsjthenumericalcalculationsdis-
cussedh thissectionindicatethefollowingvaluestobe satisfactory:
zz = 1.2; Fdo= 1.1. Fortheautorotativeflightcondition,values
of F2 - ~d intheneighborhoodf0.5and0.1,respectively,seem
tobe reasonabl~.Forotherflightconditions,othervaluesof Ez and
cd mightbemoreappropriate.
o
LIMITATIONSOFTHEORY
As statedin
paperisexpected
theprecedingsection,theextendedtheoryofthis
tobe applicableforanyrangeofinflowangles
encounteredinhelico~erorconvertible-aircraftflight.Alsopointed
outwasthefactthatthesemiempiricalapproximationsusedinhandling
thereversed-velocityregionweresatisfactoryoverthewiderangeof
flightconditionsthatwereinvestigatednumerically,whichincluded
tip-speedratiosupto 0.5. Althoughthenumericalcheckofthetheory
tendsto inspireconfidencein itsapplicationto somewhatgreatervalues
of V,theuseofthereversed-=locityregionapproximations,a exem-
plifiedby equations(15),(16),and(77),smdtheomissionoftheradial
velocitycomponent,probablywillresultina lossinaccuracyofthe
theoryatthehig~ertip-speedratios,particularlyinthecalculationf
therotorprofile-dragtorqueandprofile-dragpower.Itiedifficult,
infact,to evaluateaccuratelyb analyticalmeansthedegreeoferror
inestimatingtherotordragbroughtaboutby ignoringtheradial-velocity
componentsoftheresultantvelocitiesateachofthebladeelemetisat
anytip-speedratio.
Thepossiblereductioninaccuracyattip-sp?edratiosmuchbeyond
0.5doesnotplacea significantlimitationonthetheory,inasmuchas
rotorsoperatingattheveryhighvaluesof P willnecessmilybe
lightlyloaded,atwhichconditiontherelativeimportanceoftheprofile-
dragtermsbecomeslessas comparedwiththeotherpowerabsorbingitems,
suchasparasiteandpossiblyauxiliary-wingdrag. Ifa relativelyhigh
degreeofaccuracyisdesiredatthehighervalues,theerrorsintroduced
intothetheoryby theapproxtiationsandomissionsshouldbe analytically
orexperimentallyinvestigated.
Inasmuchasbladestallwasconsideredspecificallyonlyinthe
reversed-velocityregion,theextendedtheory,justas standardrotor
theory,islimitedto conditionsofoperationwhereinexcessivestall
doesnotexistoutsidethereversed-velocityboundary.Theeffectsof
moderateamountsof stalIlonprofile-dragpowermaybe estimatedby the
methodsuggestedinreference6. BladestallImitations,whichhave
__—._ ---- —-— —.——— —.- ———. —
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beenshownto occursimultaneouslywithconditionsofoptimumpsrform- “
anteinreference6,maybe esthatedby themethodsgiveninrefer-
ences2 and3 forthestandardrotortheory.
Limitedex~rimentaltestsandcalculationsindicatethatcompres-
sibilityeffectson rotorsoperatingat hightipspeedsmaysubstantially
altertheaerodynamiccharacteristicsoftherotor,theprimaryeffect
beingan increaseinprofile-dragpwer. Thetheoryofthispaperdoes
notaccountfortheselossesbecauseoftheaddedcomplexityinvolvedand
thelackof suitableairfoildataathighMachnumbersandhighangles
ofattack.Whensuchsectiondata,aswellasmoreextensiveexperi-
mentalrotordata,dobecomeavailable,it isexpectedthatcompres-
sibilitypowerlossesmaybe accountedforina mannersimilarto that
usedforstall.effects.
Sincesomehigh-speedhelicoptersandconvertibleaircraftwill
probabl.ybeoperatingatrelativelyhighdiskloadingandtorquevalues,
an investigationoftheeffectontheequationsoftheapproximationf
tiplossesby a constantip-lossfactorB andoftheommissionofa
rotational-inflowfactorwasconsidereda visable.Thereforea compari-
sonwasmadeoftheresultsoftheextendedtheory,modifiedforthe
vertical-flightcondition,withthoseoftheGoldsteinpropellertheory,
fora fewdifferentvertical-flightconditions.Thecasesinvestigated
ticludedconditionsofrelativelyhighinflow,torque,anddiskloading,
asmightbe encounteredby rotorsusedincertaintypesof convertible
aircraft,aswellasmoreconventionalhelicopterloadings.Thecom-
parisonindicatedthat,at leastforthevertical-flightcondition,the
useofthewidelyusedconstantip-lossfactorB = 0.97 yielded
answersforrotorcharacteristicsthatareinclose-agreementwiththose
givenby themoreexactGoldsteinpropsllertheory.A similarcheckfor
theforwardflightconditioncouldnotbemadebecauseofthelackofa
rigorousmethodof calculatingtiplossesinthatcondition.Theques-
.
tionbecomesmuch
as inducedlosses
lessimportantinhigh-speedflight,however,inasmuch
arecom~rativelylowathighspeeds.
APPLICATIONFTEEORY
Theequationsofbladeflapping,thrust,torque,andprofile-drag”
powerweredevelopedintermsofthethreefundamentalvariables;
namely,k, e,a p. Differentcombinationsofthesevariablesmay
be insertedintotheequationsinorderto obtainthecharacteristics
ofrotorsindifferentflightconditions.Ihasmuchastheequationsare
lengthywhenappliedtotwistedblades,ifa largenumberof different
rotorsorflightconditionsaretobe investigated,theequationsC= be
usedtopreparecharts(similartothosegiveninreference3)fromwhich .
therotorcharacteristicscanbe obtainedirectly.
Althoughtheequationsofthispaperweredevelopdforrectangular *
blades,experience(obtainedtiththetheoryofreference2,whichwas
————.
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alsodeveloped
maybe applied
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forconstant-chordblades)hasshownthatsuchequations
successfullytobladesofconventionaltaperedplanform
by theuseofan equivalentchord Ce forcalculatingthesolidityratio.
CONCLUDINGREMARKS
An extensionofrotortheoryhasbeenpresentedto obtainanalytical
expressionsforrotorflappingcoefficients,thrust,torque,andprofile-
dragpowerthatarenotlimitedby thesmall-angleassumptionsforblade
pitchandinflowanglesusedin standardrotortheory.Inaddition,
becausethecontributionfthereversed-velocityregionbecomesignif-
icantlylargeinhigh-speedrotorflight,itwasnecessaryinthederiva-
tionto accountforbladestallinthisregion.Theequationsare
thereforeexpectedtobe applicabletohigh-s~edhelicoptersandto
certaintypesof convertibleaircraft.Justas instandardrotortheory,
theequationsarelimitedto conditionsofmoderateamountsof stallon
thebladesectionsoutsideofthereversed-velocityregionanddonot
includeMachnumbereffects.
A comparisonoftheequationsoftheextendedtheorywiththoseof
thestandardrotortheoryindicatesthattheextendedtheoryshouldbe
usedinpredictingthecharacteristicsofrotorsoperatinginthepower-
on conditionatveryhighangles
exceedingapproximately0.25.
LangleyAeronauticalWboratoq
NationalAdvisoryCommittee
ofattackorattip-speedratios
forAeronautics
LangleyFieid,Va.,December4,1951
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Figure 3.-Ratloof rotorcharacteristicsas computed by extended rotor
theory of present paper and an exact numerical integration malyBi B
plotted against inflow angle at tip of advmcing blade (i.e., at
x=l.O and ~m90°).
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Figure4.-Compaxison between standard and extended theory over a repre-
6erctativerange of flight conditions; e = 430.
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